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1. INTRODUCTION

Since Malinvaud’s paper [6], various aspects of intertemporal efficiency
have been the subject of extensive discussion. The important special models,
that have received the most attention, however, do not emphasize the role of
exhaustible resources as factors of production. (For a recent exception, see
Stiglitz [9].) “Natural resources” are often assumed to be supplied exo-
genously in given quantities in each period. Clearly, such an approach can
study the role of primary factors like labor, but is unsuitable for capturing
the essence of problems involved in the best use of a nonaugmentable,
storable, resource, whose availability in a particular period depends strictly
on how much has already been used up in the past.

I shall consider here a model of intertemporal allocation, which pays
particular attention to the significance of an exahustible resource as a factor
of production, and study the properties of efficient growth programs in this
framework. In order to expose the basic features, I shall keep the model
simple. I shall assume that there is one produced good, which can either
be used for consumption or for further production. A primary factor (labor),
appears explicitly in the production function. So does an exhaustible resource,
the total supply of which is given. The use of the resource over the (infinite)
planning horizon must not exceed this available supply. It should be noted
that this framework is a particular case of the general models of intertemporal
allocation, presented by, for instance, Malinvaud [6], Radner [7], and
Cass [2], if we treat the exhaustible resource as a special type of capital good.
(For a detailed explanation, see Section 2.)

By focusing on the special properties associated with exhaustible resources,
one can obtain results which are sharper than those proved in the general
models. The main results are summarized below:

(1) An interesting duality implication of the analysis is that along a
competitive program (and, therefore, along an efficient program) the present
value price of the exhaustible resource is a constant (Theorem 3.1).
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GROWTH WITH EXHAUSTIBLE RESOURCES 113

(2) Under the assumption that the exhaustible resource is an “impor-
tant” factor of production (see Sect. 4, (A3)), the following characterization
of efficiency is obtained. An interior program is efficient if and only if

(a) it is competitive,
(b) it satisfies the transversality condition (i.e., the value of the

resource stock plus the value of capital stock converges to zero}
{Theorem 4.1).

All the assumptions under which this conclusion holds are satisfied, in
particular, by a Cobb-Douglas production function, which, in turn, makes
the model a particular case of the one considered by Cass [1], provided the
exhaustible resource is left out. Thus, clearly, the introduction of the resource
leads to the following qualitative difference in the characterization of
efficiency. Inefliciency is signalled by the transverslaity condition (b) being
violated, and not by the condition of Cass, viz., that “the terms of trade
from the present to the future deteriorate at a sufficiently rapid rate as the
future recedes into the distance.”

(3) Finally, we note that, if the primary factor (Iabor) is bounded away
from zero, and bounded above, then the presence of the exhaustible resource
implies that there is no competitive overaccumulation of capital, ie., the
augmentable good (Corollary 6.1). This result, together with an example
(see Example 5.1), establishes that only overaccumulation of the exhaustible
resource (and not overaccumulation of the augmentable good) is consistent
with competitive pricing.

2. THE MODEL

Consider an economy with a technology given by a production function,
G, from R.® to R, . The production possibilities consist of capital input,
K, exhaustible resource input, R, labor input, L, and current output
Z = G(K, R, L), for (K, R, L) > 0.1

Capital is considered to depreciate at a constant rate, 8, where 0 < 8 < 1.
The production function, G, and the depreciation rate, 8, together define
a total output ¥ =G(K, R, L)+ (1 —8) K for (K, R, L) =90. A total
output function, F, can then be defined by

FIK,R LYy=GK, R, L)+ (1 —-8K for (K,R, L) =0. (2.1}
The production function, G, is assumed to satisfy:

(A1) G(K, R, L) is concave, homogeneous of degree one, and twice
continuously differentiable, for (K, R, L) > 0.

L For any two n-vectors, u and v, ¥ > v means u; > v; for { = 1,.., n; # > v meaops
u>vbutu#v;u>omeans ;> v fori = 1,..,n
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(A2) (Gg,Gr,G) >0 for (K, R, L) > 0.2

The initial capital input, K, and the initial available stock of the exhaustible
resource, S, are considered to be historically given, and positive. The available
labor force is assumed to be positive, and exogenously given at each date
and denoted by L, for # > 0.

‘A feasible programis a sequence<K, R, L, Y, C) = (K;, Ry, Ly, Yiiq, Copy)>
satisfying

K(]:K, ZRf<S, Lt:Lt fOI' t>0,

t=0
Yia = F(K;, R;, Ly, Cipn= Yy — Kiy for t =0, (2.2)
(Kis Ry Ly, Yiq s Ci) 20 for > 0.

Associated with a feasible program <K, R, L, Y, C> is a sequence of resource
stocks S = {Sy», given by

Sy =8, S;=S—Y R, for t>=1 (2.3)

By (2.2), S; = 0, for ¢ > 0. A feasible program (K, R, L, ¥, C) is interior
if(_Kt,Rt)>0f0rl >9: o
18 a feasible program <K, R, L, Y, C), and T < 0, such that

(Cy ses Crya s Krax s S711) > (Cy ity Crya s K, Sp0)- (24

A feasible program is short-run efficient if it is not short-run inefficient.
Thus, a short-run efficient program yields maximal consumption, terminal
capital stock, and terminal resource stock, for every finite horizon.

A feasible program (K, R, L, Y, C)> dominates a feasible program

¢K, R, L, Y, C> which dominates it. It is efficient if it is not inefficient. It
is, of course, immediate, in our framework, that an efficient program is also
short-run efficient.” The converse, however, is not true.' For a detailed dis-
cussion of these concepts, see Cass [2].

It will be noticed that what has been called an “exhaustible resource™
above, is really a capital good, with the properties that (i) net investment
output of that good is always nonpositive, and (ii) output of the capital-
cum-consumption good depends just on the net investment output, and not
on the stock, of that good.® Under this interpretation, it is useful to view

2 Gg denotes 0G(K, R, L)/0K; similarly, for Gg, G .

3 1 shall, however, continue to refer to X as the “capital good,” and R as the “resource,”.
to distinguish the two, in discussions to follow. One could call K “augmentable capital”

and R “exhaustible capital,” or “‘nonaugmentable capital.” This latter terminology,
although more precise, is somewhat cumbersome, and shall not be used.
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the production possibilities, in the “stock version,” as given by a technology
set J of input—output paris in the following way:

I ={(K,S,L),(¥,5,00: 0 < Y <F(K, R, L);

Itis, of course, clear that for a feasible program <K, R, L, ¥, CD, (K, , S, Lo,
(Yip1,80:,01ed fort = 0.

A feasible program (K, R, L, Y, C) is called competitive, if there is a non-
null sequence of nonnegative vectors {p, g, w> = {p;, gs, w;» such that,
fort =0,

Pri1 ¥ T Gea1Sia — Py — @St — wiLy
Z P + S — pK — @S — w,lL
for all [(K, S, 1), (Y,5,0)leZ.... (2.6)

In other words, the intertemporal profit maximization condition (2.6} is
satisfied at each date,

We can associate with a competitive program <X, R, L, Y, C), a capital
value sequence U = {(U,> given by

U, = pK; for t =0, 2.7
a resource value sequence V = (V> given by

Vi = q,S, for >0, (2.8)
and a wages sequence W = (W, given by

W, = w,L, for ¢+ >=0. 2.9

A competitive program (K, R, L, Y, C) is said to satisfy the transversality
condition if

lim (U, 4 V) = 0. (2.10}

1t is said to satisfy the capital value transversality condition if

}ing U, =0. .10
Finally, it is said to have finite consumption value if

Y piCy < 0. (2.12)

t=1
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3. COMPETITIVE AND SHORT-RUN EFFICIENT PROGRAMS

In this section, I shall show that along interior competitive programs,
the present-value price of the exhaustible resource is constant. This result
is really not surprising, when the resource is viewed as a special type of capital
good. In view of the fact that the output of the capital-cum-consumption
good depends just on the net investment output (—R,), and not on the stock
(Sy) of the resource, the net present rental for the stock of the resource
(call it r;) is zero in the asset-making-clearing equation: ¢, = ¢, + r;,
provided that the resource has not been completely exhausted, in finite time.

With the help of this result, T shall demonstrate the equivalence (for
interior programs) of the competitive condition and the condition of short-run
efficiency.

The results of this section can be viewed in the following way. Even if
one is interested only in short-run efficiency, there is a straightforward
implication for the appropriate pricing of the exhaustible resource, viz.
its current price should be increasing at the rate of interest, as detérmined
by the net marginal product of capital (Gx, — 8).

THEOREM 3.1, Under (A1), (A2), if an interior program {K, R, L, Y, C>
is competitive, then q; = q;., for t = 0.

Proof. If <K, R, L, Y, C)is competitive, then there is {p, g, w)> such that
(2.6) holds for ¢ > 0. Since G is homogeneous of degree one, so 7 is a cone,
and the left-hand side of (2.6) is zero for ¢ = 0.

Since [(0, S,0),(0,S5,0)]ed, for S >0, we have ¢;;S — ¢S <0,
implying ¢;,; << g; for £ = 0.

Now, suppose ¢, << ¢, for some ¢. Since (K, R, L, Y, C> is interior, so
S; > R, > 0. Choose S, such that S; > S > R, . Then, surely, [(K;, S, L,);
(Ys11,S — R, ,0)] €7, and using this in (2.6), we get

q1a(S; — RY) — q,S; = Qt+1(s — Ry — qtg- (3.1)

(3.1) implies that (g, — q)(S; — S) = 0, which contradicts ¢;,.; < ¢; .
Hence, q; = ¢, for ¢ = 0.

It is useful to look at the competitive condition (2.6) in a somewhat
different way. In the following proposition, I shall show the equivalence
between the competitive condition, and a condition which says that the
proportional rate of change of the marginal productivity of the resource
always equals the Jevel of the (net) marginal productivity of capital.® This

4 Condition (3.2) states that (FRt+1'/FRt) = FK1+1 , so that [(GRt+1 — GRt)/GRt] + 1=
GKM -+ (1 — 8). This means (GR’}+1 — GRt)/GRt = (GKt+1 — 8). The expression (GKH-l — 8)
is called net marginal productivity of capital, in the discussion.
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latter condition, in effect, says that the return from leaving a dollar’s worth
of the resource in the ground (a capital gain) equals the return from renting a
dollar’s worth of capital. Thus, along a competitive program, the capital
good and the resource, are equally attractive earning assets (at the margin).

ProposiTioN 3.1.  Under (Al), (A2), an interior program {K, R, L, Y, C>
is competitive if and only if

FRt+1 = FRt " FKt+1 fOI‘ t > 0 (32)‘

Proof. (Sufficiency). By concavity of F, we have, for (K, R, L) > 0,
F(K,R, L) — F(K;, Ry, L)) < FKt(K — K) + FRi(R — Ry + FLt(L — L.
Using this, we have for ¢ > 0,

F(Kt’Rt:Lt) _FKt'Kt—“FRt'Rt '—FLt‘Lt
> F(K, R, L) — Fx,- K — Fg," R — Fy,- L for (K, R,L)=>0...
(3.3)
Define
by = (FK,,/FRU); Piry = (Pt/FKt) for 1= 0;

W, == FLt " P for ¢ 2 0’ g; = 1 for ¢ > 0. (3.4}

Now, multiplying (3.3) by p,,. , and using (3.2), we have, for ¢ > 0,

P (K, Ry, L) — pK, — iR, — w,L,
Z pab(K, R, L) — pK—qR—wl  for (K,R,L)>=0. (3.5
Rewriting this in a different way, we obtain, for ¢t > ¢,
Pria¥o + QS — Py — 4.8 — wiL,

ZPrpn¥ + qeaS — pK — g5 — wiL for [(K.S,L0),(Y,S,0)le7.
(3.6}

(Necessity). If (K, R, L, Y, C)> is interior and competitive, then
g: == gy,; = § {say) for > 0 (by Theorem 3.1). Hence, for ¢ > 0,

P (K, Ry, L) — pK; — Ry — wel,
= piaFK, R, L) —p,K— ¢§R— w,L for (K,R, L)>0. (3.7)

Since intertemporal profit [ p, . F(K, R, , L) — p,K — 4R — w,L] is maxi-
mized at an interior point, so for ¢ > 0,

pf+1FKt = D¢ Piakr, = §; Praafp, = wy . (3.8)
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Since {p,q,wy is nonnull, by (A2), we have p, >0, w, >0 for t > 0,
and § > 0. Hence, by (3.8),

Fg,., . PiaFr,,, P PrioFr,,, P

Fr, Priifr, P PiiaEr,  Peee

— Fx,,, (3.9)

which establishes (3.2) for ¢ = 0.

Remark 3.1. A sidelight of Proposition 3.1 is that, for interior competitive
programs, using (A2), we can ensure the prices (p;, q;, w;) > 0 for ¢t > 0.
Since G is differentiable, the price sequence (p, g, w> is determined uniquely
(up to positive scalar multiplication) and can be expressed in terms of the
marginal products of the various inputs, as in (3.4). In view of this, when I
refer to an interior competitive program, in the rest of the paper, I shall
mean that it satisfies the intertemporal profit maximization condition (2.5)
at precisely the prices, defined in (3.4).

is short-run efficient if and only if it is competitive.

Proof. (Necessity) For each T (T > 1), a short-run efficient program

Maximize (S — Z;O R)), subject to

(l) Ct+1 2 Ct-i-]_ for = 0, 1,..., T,
() Kry = Krps
. (iii) condition (2.2).
It can be checked that the above can be converted into a Lagrangian
saddle-point problem, unconstrained with respect to (i), (ii), noting that the
constraint qualification of Karlin [4] is satisfied. Using multipliers g, ,

t = 0,., T and vy, , the Lagrangian is a function of these, and by (iii),
of the choice variable K,,,, R;, t = 0, 1,..., T. The Lagrangian is

T T
H(:) = (S - Z Rt) + Z pea(Ceg — Ct+1) + vra(Kryr — Kr.1).

=0 t=0

Hence,
OL/OR; = (—1) + pyifr, =0 for O
OLIOK, ;= paa(—1) + peaFg,, =0 for O
| OL/0Kry = pra(—1) +vry = 0.

~

<t
<

VAN
‘ﬂ

t — 1,
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Simplifying, we get (since the multipliers are positive from above), for
0T —1

FEzH:FRt‘Ffzﬂ' (3.10)

We claim that (3.10) holds for ¢ = 0. For, suppose it were violated for some
¢ = 7. Then choose the horizon 7T, in the above exercise, to be (v — 1}
We get an immediate contradiction. This establishes the claim, and, by
Proposition 3.1, proves necessity.

(K,R, L, Y, C satisfying (2.4) for some 7 > 0. Since g, = 1 for 1 = §,
and p, > ofort = 0, s0

T 7o
Z Pt+1Cria + Pruakra + (S - Z Rt}
=0 /

=0

T T
> Y peaCon + Proara +(S - T R) 61D
t=0

t=0

/

Using (2.6}, we have, however,

(g

T
Y PralCrn — Co) < Y, (Re — R + FrafKrin — Kriy), (3.12)
=0

t=0

which contradicts (3.11). This proves sufficiency.

4, A ComprLETE CHARACTERIZATION OfF [EFFICIENCY

In this section, 1 shall establish that an interior program is efficient if and
only if (a) it is competitive, and (b) it satisfies the transversality condition.

First, we need a definition. The elasticity of current outpuf with respect
to the exhaustible resource, or, briefly, the resource elasticity, is defined as:

_ Gr- R
TR T GK, R L)

for (K, R, L)Y>0 (4.1}
The resource is called importans in production if there is « > 0, such that

Ne = oa>0 for (X, R, L)y> 0. 4.2
1 shall assume, in this section, that

(A3) the resource is important in production.
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We note that (Al), (A2), (A3) are satisfied by a Cobb-Douglas production
function.®

The procedure adopted to prove the necessity part of the characterization
theorem, is to use (A3) to show that an efficient program has finite con-
sumption value. The sufficiency part is, of course, well known in the literature,
and needs no proof.

TaeoreM 4.1.  Under (A1), (A2), (A3), an interior program {K,R, L, Y, C>
is efficient if and only if

(a) it is competitive, and
(b) it satisfies the transversality condition.

Proof. (Sufficiency) This follows® from Malinvaud [6], Lemma 5.

Then, it is short-run efficient. Hence, by Proposition 3.2, it is competitive,
at a price sequence { p, g, w», defined as in (3.4).

Note that {§,> is a nonincreasing sequence, bounded below, so it has a
limit. Also, lim,. S; = 0 must be satisfied. For, if lim,.. S; > 0, then
S5 o R, < S, and we could use an extra (S — Y, R,) amount in the period
t = 0, produce and consume more in period 1, leaving the rest of the program
unaffected. This would violate efficiency.

Since g, = 1 for t Z= 0, we have only to prove that the capital value trans-
versality condition is satisfied, in order to ensure that (b) is satisfied.

M~
=~
+
M
=
™

|
"3

3
=

~l
]
o

T
Z ﬁt+1ét+1 = ﬁoK + (4-3)
=0

t=0 =0

i

since G is homogeneous of degree one. Now, we evaluate Z;O w.,. By
definition of w, and (A3),

WtEt - (44)

[EE_,] I — (GI:, 'Zt)/G(KtrRt>Et) <&
GR, ! (GR“R})/G(I?“ R, L) _th T’

5 More generally, if G(K, R, L) can be written in separable form as f(K)g(R)A(L), then
(A3) is satisfied whenever infg— g >0 (g'(R) - R/g(R))> 0, and f(K)> 0 for K > 0, (L) > 0
for L > 0. Thus, in particular, g(R) could be of the form R/(1 -~ R), or more generally,
R/[RB + 1]'/8, where 8 > 0.

{p, g, @y, defined as in (3.4), so p; > 0 for ¢ > 0. (See Remark 3.1.)
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so that 3, w.L; < 3o Ry/o < S/a. Hence, Y5, w,L, is convergent, and,
s0, by (4.3), 35 ¢ P1+aCria is convergent.” Since all other terms in (4.3) are
convergent, { p,K,) is a convergent sequence.

To prove (b), we have to show that lim,., p,K, = 0. Suppose, on the
contrary, that this limit is not zero. Then, there exists a ,6’ > 0, such that,
for t >0, p,K, = f > 0. Since Y, Ps+1Csiq is convergent, so there is
T; << oo, such that

Jr,= Y BeaCun < B2 (4.5)
=T

If Jr, = 0, the given program is clearly inefficient. So, we consider only the
case in which jr ## 0. Let x,; = ( PisaCri)lJ r, for ¢ > T;. Clearly,
ZtJ Xy = L. Now construct a sequence <X, R, L Y, C» in the following
way. Let K, =K, Ry=Ry; (K;, R, Y,,C)=(K,,R;,Y,,Cp) for
<t <7, . Fort = Tl)Kt = 2KtaRt = 2Rt’ct = C; + %Kt, Y= ?t‘
For t>T,, K, =K} Ztlrxsu]—AKt, Ry = XR;, Y, =
FK, 3 ,R4,L, ), Ci=7Y,—K,. Fmally, L,=1TI, for t > 0. (Note

that 0 < A, < 1)
Now, clearly, (K;, R)>0fort >0, C, = C,fort <Ty,and C, > C,
for t = Ty . We will show that C; > 0for ¢ > T, (so that (K, R, L, ¥, C>
is & feasible prograrn) and that Ct > C, fort > T, 1, SO that (X, R, L Y, C>

{K,R,L,7Y, C) is eﬁicwnt, and establish that lim, . 5,K, = 0, and, hence
necessity,

For ¢t > Ty, we have

5iCs = Ppd(Ky g, Ryy, Lyy) — e
= piF iRy, ARy, ALy ) — PAK,
= A1 ﬁtF(Kt—1 5 Rt—l s Et—l) - )\tl—’th
= A ﬁt(ct + Kt) — A ﬁtT{t
= A PGy + (I~ ) P.Ce + Ay ﬁth — MK, — (I — ) I—%Ct
= p,C; + ptK—t[)\t—l — N — 31— Ay) x)
= piCo + PKlbx — $x:]
= p.C,.

Since f); >0 for t =0, we have C, = Ct =0 for t > T3 . This proves that

7 This is the crucial step in the proof. After having established this, alternative methods
can be employed to complete the rest of the argument, than the one presented here.
Majumdar suggested that an adaptation of the proof of Theorem 2.1 in Majumdar et al.
[5] can be used. Cass pointed out that the corollary to the theorem in Cass and Yaari [3]
can also be used, by suitably redefining the production function, at each point of time.
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proving that the latter is inefficient. This contradiction establishes that
lim,.., p,K; = 0, and, hence, condition (b).

Remark 4.1. (i) David Cass pointed out to me that, in a simpler version
of the model examined here, viz. where capital is absent as a factor of pro-
duction, (A3) is necessary and sufficient for every efficient program to have
finite consumption value. Since it is this particular property, which is crucial
to the technique of proof of Theorem 4.1, his demonstration seems to provide
ample “‘Justification” for the assumption.

However, a similar statement cannot be made with the model examined
here, where capital, in fact, is nof absent. There seems to be some room for
relaxing (A3), and yet characterizing efficiency in terms of the conditions
() and (b) of Theorem 4.1, in view of the following example. Consider
G(K,R, L) = [K/? + RZ 4 [V, § =0, Ly =1 for ¢ > 0. Clearly
ng >0 as R—0, when L =1, so that (A3) is violated. However,
Ym0 PraCrua < ©.

(i) It is clear that the transversality condition holds if and only if
(b1) the capital-value transversality condition holds and (b2) lim,.. S; = 0.
In the following discussions, I shall refer to (b2) as the resource exhaustion
condition, since it says that 3., R, = S.

The following two corollaries are immediate from Theorem 4.1, and, so,
they are stated without proofs. Corollary 4.1 may be interpreted in the
following way. If we treat initial stocks, S, K, as primary factors, the trans-
versality condition can be replaced by the condition that the present value
of the consumption sequence equals the present value of all primary factors.

CoroLLARY 4.1. Under (Al), (A2), (A3), an interior program

(a) it is competitive, and '
(0) © > T4 oPeaCi = DK+ S + X g WL, .
Corollary 4.2 states that efficiency is equivalent to maximizing the present

value of the consumption sequence, at a sequence of positive prices, in the
set of all feasible consumption sequences.

CoroLLARY 4.2. Under (Al), (A2), (A3), an interior program

P: > 0, such that

0 > 3 PeaCort = ), PeaCinn

&
Lb1s
"

Lp-s

Jor every feasible program {K, R, L, Y, C>.
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5. Two ExaMPLES OF COMPETITIVE INEFFICIENCY

1t should be clear, from Section 4, that, in our framework, competitive
inefficiency can arise in one of two ways, viz. by violation of either (i} the
resource exhaustion condition, or (ii) the capital-value transversality con-
dition. In this section, we shall provide an example of each of these types of
competitive inefficiency.

ExampLE 5.1.  Aninterior competitive program which satisfies the capital-
value transversality condition, but violates the resource exhaustion con-
dition.

Let G(K,R, Ly = K'\V2RVA[Y* and 6§ =0; L, =1 for r 2 0; K =1,
S = 4.

Consider the sequence <K, R, L, ¥, Co given by K, = 1fort =2 0, L, = L,
fort = 0,Ry = 1,3R;yy + R¥Y = R¥*fort = 0,and C,; = G(K;, R, , L)
fort = 0.

To show that (K, R, L, Y, C) is a feasible program, we have only to check
that Yo R: <S. Note that R, , = RY* — RYY for t >0, so that
137 R, = RYF — RY! . Hence Y, ,R, is convergent, and R, — 0
ast— 0. So, 37 @Rm = R¥* = 1,1e,

Ry =12, and th:Ro+2Rt+l~‘:l—}—2=3<S.

0 =0 t=0

s

12

i

It can be checked, now, that (K, R, L, ¥, C satisfies (i} the competitive
conditions, and (ii) the capital value transversality condition. To check
(i}, note that

_ ~3/4 1/2 __ 1 p-3/4.
FRZH — 4Rt+l t+1 T Rt+1 ’
and

Fa, Fr, = GRPHARIGKA® + 1) = HiR. + RIS RT -+ 17

. 1p—3/4r1 pl/id -1 r1ipi/d . —3/4
= FREGERGG + 1T GRS -+ 1] = (R

So, by Proposition 3.1, <K, R, L, ¥, C> is competitive, To check (i},
note that p.K,, = 1/Fp, = 4R}%, so we have limu . praKiq =
lim;_ . 4R3* = Q.

Finally, observe that the resource exhaustion condition is violated, since
ShoR =3 <4=S8.

ExampLE 5.2.  An interior competitive program which satisfies the resource
exhaustion condition, but violates the capital-value transversality condition.
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Let G(K, R, L) = KR4 and 6 = 0; L, = [12/{, K= 1, S =
where M is defined in the following way. Consider the sequences <@t>
and {d,> defined simultaneously by: d, = 1; @, = [2t+2[]._ o 2+ dol™t
fort 2 0,andd; = —1 -+ (1 + B) 2 fort > 0. Clearly the two sequences
are positive sequences. Now, the series Y, , [l/I_[s 0 (2 + d)J? is clearly
convergent. The sum of this series is called M.

Consider the sequence <K R L, Y,C> given by: L, =1, for t = 0;
K,=1fort>0;R,= [I/HS_O 2+ dgPfort >0, and C;y = G(K;, Ry, Ly)
for # >> 0. Noting the manner in which S was defined, <K, R, L, Y, C) is
a feasible program.

It can be checked now that (K, R, L, Y, C) satisfies (i) the competitive
conditions and (ii) the resource exhaustion condition. To check (i), note that

/ 9t+1

t+1

% Q(2+ds)

_ 1725147 1/4 1 p—1/2y/4t+1
FRt+1 = %RH KL = (3R W2 =

Similarly,
4
=1 {H @+ ds)g/zt.
§=0
Also,
t+1 2
Fx,,, = [1 + IRIGKHLIS] = [1 + 2 1e+ ds)) J
§=0
So
14 t +1
Fa, Fr,, =} IT1@2+ ds)§/2t + 3 %H 2 + d)égzt 96+l H Q2+ ds)§
=0 =0 5=0

Now, notice that d?; + 2dy., = 0, = 22 1. 2 + d)I. So,

Fe, Fr,,, =} %H @+ d)] 29 2 + 1642 + dun))]

$=0

41

e+ ds)g {207 = Fg,,, -

1
2

Hence, by Proposition 3.1, <K, R, L, Y, C> is competitive. To check (ii),
note that the manner in which M is defined ensures that ;- , R, = M = S.

Finally, note that the capital-value transversahty condition, is
Vlolated since  py1Kiyy = 1/Fp, = 2RYPL Y = — 2Tl (2 + ds)]—1 =
[]_[s_ (A + 3d)I > 1/6 (for some 0 <@ <o), fort >0 asY5,4d, <1.
To check this last fact, observe that df,; + 2d,,, = 0, < [2¢*2] 2 for ¢ > 0
so that dy,, < [2#*°], and the series Y., d; is therefore convergent, with
a sum <C2.
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6. ON THE POSSIBILITY OF COMPETITIVE OVERACCUMULATION OF CAPITAL

If there is competitive overaccumulation of capital, in the present frame-
work, it is signaled by the capital-value transversality condition being
violated. Example 5.2 should give the idea to the reader that such over-
accurmnulation is indeed a rare phenomenon, as the circumstances under
which it is shown to exist are hardly likely to occur. It turns out, interestingly
enough, that with some additional structure on the model, competitive over-
accumulation of capital cannot occur at all.

We assume, in this section, that

(Ad) G(K,0,L) = 0 for all (K, L) >0,

(A5) For (K, L) = (y,y), where y >0, Gz—>o as R—0; for
(R, L) = (B, B), where B > 0, Gx — 0 as K — 0.

(A4) states that the resource is indispensable in production; (AS5) is similar
to the “Inada conditions” on the production function, so well known in the
literature on growth theory.

In addition, we shall assume

(A6) There exist positive numbers m, W, such that m < L, < m for
all t+ > 0.

The lower bound, m, in (A6) hardly needs justification. The upper bound
m rules out unbounded labor force, which seems to be an appropriate
restriction in a model with exhaustible resources. (See Solow [8, p. 36]
for a discussion of this assumption.)

TurOREM 6.1. Under (A1)~(A6), an interior program (K, R,L,Y, (>
is efficient if and only if

(8) it is competitive, and

(b) it satisfies the resource exhaustion condition.
Proof. (Necessity) This is clear from the proof of Theorem 4.1.

(Sufficiency) (K, R, L, Y, C) is competitive at the price sequence {p, g, w>
defined by (3.4). I shall show that, at this price sequence, lim,_, inf p,K; = 0.
1 shall break up the proof into three cases.

8 The idea of the example is so obvious, (namely, take any efficient program with § = $%,
and suppose, instead, that § = §? > §%) that the reader may wonder why I have bothered
to specify it, in some detail. A technical reason is that the example should be constructed
for interior competitive programs, since all the results are for interior programs. This,
immediately, makes the construction nontrivial. An expository reason is that, in view
of Corollary 6.1, the example assumes so much importance, that its details, even if obvicus,
become worth presenting.

642{17/1-0
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Case 1 (6 =0). I claim that limbm inf p, . K, = 0. For suppose this
were not true, then there exists & > 0, such that p, K, = & for r = 0.
Using (A3), some routine calculations yield GK < Ry/ad. So that 3, G,
is bounded above. It follows that Gp, = G, Hs—l (1 + G is also bounded
above. But, K; > &Gy, > o?GRo , and L, > m, so, by (A5) GR —> 00, since
R, — 0. This contradiction establishes the claim.

Next, I claim that lim,.., inf p,K, = 0. Suppose this were not true, then
there exists © > 0, such that p,K, > @ for ¢ > 0. Since K, > @GRt—l > @AGRG ,
and L; = m, so by (AS), Gz, — o since R; — 0. So, K; — R. Now, by
(A4), there exists K, such that for K, > K, G(K,, R;, m)/K; < 1, so that
forK, > K, Gx, < G(K;, Ry, L)[K; < G(K;, Ry, M)/K; < 1, and Fy, < 2.
Since K; — oo, so for t > ¢', Fx, << 2. Hence, for t > 1,0 < 0 < pkK, <
2p..K;, which contradicts the fact that lim,,,infp,K; =0, and
establishes the claim.

Case 2 (0 < 8 < 1). Ishall show, in this case, that (a’) lim,_, inf K; =0,
and (b") p; is bounded above. To show (a’), suppose it is violated. Then
there is € > 0 such that K, > é for ¢ > 0. Observe, now, that K, is bounded
above. For, there exists K such that for K, > K, G(K;, R,, m)/K, < §
(by (A4)), and so for K, > K, Ky <FK;, Ry, L) < GK;, R;, L)
(1 — 8K, <K,. Also, for K, < K, K,,;, < G(R,S, ) + K, = K, + 4,
where A <C 0. Hence <{K;> is a bounded sequence. Using this, and the fact
that R, — 0 as t — co, we can find ¢”, such that for t > t”, G(K; , R, m) < 36¢
[by (Ad] So Ky <FK;, Ry, i) < (1 —8) K, + 8¢ <(1—8) K, +
38K, = (1 — (8/2)) K; for t = t". So, K, — 0 as ¢ - o0, a contradiction,
which establishes (a').

To show (b), use the competitive condition, for each period, for
(K, R, L) = (e, 1, 1), where ¢ is small enough so that Gy(e, 1,1) > 1 (by
(A5), this can be done). It follows that G(e, 1, 1)/e = Gils, 1, 1) > 1
ie., G(&, 1, 1) > e. Using this in (2.6) together with the fact that G is homo-
geneous of degree one,we have €[l + (1 — 8)]pry < Gle, , ) +-(1 —8) e <
pe+1-+w. So pu <pf(1+(1—38)+ (el + (1 —3) +
(wi/e))(1 + (1 — §)). Using this recursively, and noting that Y, ,w, is
bounded above, p, must be bounded above, proving (b’). From (a") and (b"),
we conclude that lim,_, inf p,K; = 0.

Case 3 (8 =1). Here p,K; = K;/Fr, = K,/Gg,_ . Use (A3) to write
Py < (KR )[aG(Kyy, Ryy s Lyy) < Rt-1/ a, so lim,, inf p,K; = O.

Thus, in all three cases, lim;., inf p;K; = 0. We know from Section 4
that lim,., p;K; exists, so lim,., p;K; = 0. Now, the theorem follows from
Theorem 4.1.

From the proof of Theorem 6.1, the following interesting corollary is
immediately obtained.
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CorOLLARY 6.1. Under (A1)-(A6), an interior program (K, R, L, Y, C>,
which is cempetitive, satisfies the capital value transversality condition.

Remark 6.1. Corollary 6.1, together with Example 5.1, demonstrates
that only overaccumulation of the exhaustible resource, and not over-
accumulation of the capital-cum-consumption good is consistent with
competitive pricing.

ACKNOWLEDGMENTS

An earlier version of the paper was presented at the Mathematical Social Science Board
Conference on ““The Structure of Dynamical Systems Arising in Economics and the Social
Sciences,” at the Dartmouth College Conference Center, in June 1975. Comments received
from participants in this Conference are gratefully acknowledged. No acknowledgment
can suffice to convey my indebtedness to David Cass and Mukul Majumdar, without whose
help and encouragement this paper would not have been written. This research was
partially supported by National Science Foundation Grant SOC 76-14342 to Cornell
University.

REFERENCES

1. D. Cass, On capital overaccumulation in the aggregative neoclassical model of economic
growth: A complete characterization, J. Econ. Theory 4 (1972), 200-223.

2. D. Cass, Distinguishing inefficient competitive growth paths: A note on capital over-
accumulation, J. Econ. Theory, 4 (1972), 224-240.

3. D. Cass anp M. E. Yaari, Present values playing the role of efficiency prices in the
one-good growth model, Rev. Econ. Stud, 38 (1971), 331-339.

4. S. Karun, “Mathematical Methods in Games, Programming and Mathematical
Economics,” Vol. I, Addison-Wesley, Reading, Mass., 1959,

5. M. Marwmpar, T. MITrRA AND D. McFappewn, Efficiency and pareto optimality of
competitive programs in closed multisector models, J. Econ. Theory, 13 (1978), 26-46.

6. E. MaLmnvAuDp, Capital accumulation and efficient allocation of resources, Econometrica,
21 (1953), 233-268.

7. R. RapnNer, Efficiency prices for infinite horizon production programs, Rev. FEcon.
Stud. 34 (1967), 51-66.

8. R. M. Sorow, Intergenerational equity and exhaustible resources, Rev. Econ. Stud.
(1974), 29-45 (Symposium on the Economics of Exhaustible Resources).

9. 1. SticLitz, Growth with exhaustible natural resources: Efficient and optimal growth

paths, Rev. Econ. Stud. (1974), 123-137 (Symposium on the Economics of Exhaustible
Resources).



